In this paper, we find a certain part of the total order of ramification of Γ 0 (N) over its normalizer Nor(N) in PSL(2,R) and determine a suitable element of PSL(2,R) which Γ 0 (N) is conjugate to a subgroup of Nor(M) by this element for some square-free integer M.
Introduction
Let PSL(2,R) denote the group of all linear fractional transformations But here we omit the symbol ± for brevity. On the other hand, Nor(N) will denote the normalizer of Γ 0 (N) in PSL(2,R) consists exactly of the matrices ae b/h cN/h de (1) where all symbols represent integers, h is the largest divisor of 24 for which h 2 |N, e > 0 is an exact divisor of N/h 2 and the determinat of matrix is e > 0. (We say that x is an exact divisor of y, denoted by x y, if x | y and (x, y/x) = 1). One of the important subgroups of the normalizer Nor(N) is the Atkin-Lehner Group
which is the subgroup generated by Γ 0 (N) with all Atkin-Lehner involutions. It is known that Nor(N) is a finitely generated Fuchsian group whose fundamental domain has finite area, so it has a signature consisting of the geometric invariants
where g is the genus of the compactified quotient space, m 1 , . . . , m r are the periods of the elliptic elements and s is the parabolic class number. From (3), the hyperbolic measure is
In [4] , Maclachlan found the signature of the normalizer when N is square-free. Akbaş and Singerman, in [1] , when N is arbitrary; calculated all the invariant of the signature of the normalizer except for the genus g and the number of periods 2. If one of these two were known, anyone would find all signature by using (4). Lastly, for Γ + 0 (kN 2 ) with some special conditions, Lang obtained the signature and computed classes of order 2 by using number theoretical results [3] .
Since the genus g of the normalizer is not known yet when N is not square-free, we approach to the problem by different way. Actually, Lang also points out same idea in [3] . Let B and B ′ be two compact Riemann surfaces, and f : B → B ′ a holomorphic mapping. Then (B ′ , f ) is called a covering of B. If g and g ′ are the genera of B and B ′ , respectively, then these integers are connected by Riemann-Hurwitz formula
where n is the degree of the covering and e z is the ramification index at z.
Ramification index
In this section we will find a certain part of the total order of ramification of Γ 0 (N) over Nor(N) via Riemann-Hurwitz formula. We give some well-known facts as following lemmas without proof. We suppose that N is not square-free. Let H * be the union of H and the set of cusps of Γ 0 (N). We can endow the quotient space H * /Γ 0 (N) with a topological structure so that H * /Γ 0 (N) is a compact Riemann surface. By the idea of commensurability of groups, we conclude that H * /Γ + 0 (N) is a compact Riemann surface. Applying the Riemann-Hurwitz formula to the map from H * /Γ 0 (N) to H * /Γ + 0 (N) we have
where g 0 is the genera of Γ 0 (N), as in [5] . Proof. We see that there is only one type of parabolic element in Γ
, of determinant 4 N. (2N 1 c, N) = 2d, d|N 1 , d is not even).
Conversely we show that the rational 
If we are given 
Conjugation
The normalizer Nor(N) is commensurable with the modular group Γ . In [2] , Helling has shown that any subgroup of PSL(2,R) commensurable with Γ is conjugate to a subgroup of Nor(M), for some square-free M.
We will now find an element in PSL(2,R) by which Nor(N) is conjugate to a subgroup A of Nor(M) for some square-free integer M. 
Proof. Now we find an element T ∈ PSL(2,R) which makes Nor(N) conjugate to A. Let us take T of the form a 1 0 1 and let M := 2 ε 1 3 ε 2 p
where a is an integer. Then
So the matrix
If S is an element of Nor(M) then det S must be 2 ε 1 3 ε 2 p ε 3 3 · · · p ε r r . So we define K := 2 t 1 3 t 2 p t 3 3 · · · p t r r , where
Then dividing all letters of S by K, so that we get the matrix
, that is K. Now, take K instead of a and examine the general case.
In this case, 
If we divide N hK by ℓ, we get the number
There are two possibilities ;
As for β 1 , again there are two possibilities;
. In this case,
As above both λ 1 and λ 2 will be integers.
Consequently we get one of the elements T to be 2 t 1 3 t 2 p 
